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Abstract
Let Γ be a split extension of a finite-dimensional algebra Λ by a nilpotent bimodule ΛEΛ,
and let (T, P ) be a pair in modΛ with P projective. We prove that (T ⊗Λ ΓΓ, P ⊗Λ ΓΓ) is a
support τ -tilting pair in modΓ if and only if (T, P ) is a support τ -tilting pair in modΛ and
HomΛ(T ⊗Λ E, τTΛ) = 0 = HomΛ(P, T ⊗Λ E). As applications, we obtain a necessary and
sufficient condition such that (T ⊗Λ ΓΓ, P ⊗Λ ΓΓ) is support τ -tilting pair for a cluster-tilted
algebra Γ corresponding to a tilted algebra Λ; and we also get that if T1, T2 ∈ modΛ such
that T1 ⊗Λ Γ and T2 ⊗Λ Γ are support τ -tilting Γ-modules, then T1 ⊗Λ Γ is a left mutation
of T2 ⊗Λ Γ if and only if T1 is a left mutation of T2.
2010 Mathematics Subject Classification: 16G20, 16E30.
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tilted algebras, Left mutations, Hasse quivers.
1 Introduction
In this paper, all algebras are finite-dimensional basic algebras over an algebraically closed field
k. For an algebra Λ, modΛ is the category of finitely generated right Λ-modules and τ is the
Auslander-Reiten translation. We write D := Homk(−, k)
Mutation is an operation for a certain class of objects in a fixed category to construct a new
object from a given one by replacing a summand, which is possible only when the given object
has two complements. It is well known that tilting modules are fundamental in tilting theory.
Happel and Unger [10] gave some necessary and sufficient conditions under which mutation of
tilting modules is possible; however, mutation of tilting modules is not always possible. As
a generalization of tilting modules, Adachi, Iyama and Reiten [1] introduced support τ -tilting
modules and showed that any almost complete support τ -tilting module has exactly two comple-
ments. So, in this case, mutation is always possible. Moreover, for a 2-Calabi-Yau triangulated
category C, it was showed in [1] that there is a close relation between cluster-tilting objects in
C and support τ -tilting Λ-modules, where Λ is a 2-Calabi-Yau tilted algebra associated with
C. Then Liu and Xie [11] proved that a maximal rigid object T in C corresponds to a support
τ -tilting EndC(T )-module.
Given two algebras Λ and Γ, it is interesting to construct a (support τ -)tilting Γ-module
from a (support τ -)tilting Λ-module. In [3], Assem, Happel and Trepode studied how to extend
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and restrict tilting modules for one-point extension algebras by a projective module. Suarez [12]
generalized this result to the case for support τ -tilting modules. More precisely, let Γ = Λ[P ] be
the one-point extension of an algebra Λ by a projective Λ-module P and e the identity of Λ. If
MΛ is a basic support τ -tilting Λ-module, then HomΓ(Γe,MΛ) ⊕ S is a basic support τ -tilting
Γ-module, where S is the simple module corresponding to the new point; conversely, if TΓ is a
basic support τ -tilting Γ-module, then HomΓ(eΓ, TΓ) is a basic support τ -tilting Λ-module [12,
Theorem A].
Let Γ be a split extension of an algebra Λ by a nilpotent bimodule ΛEΛ, that is, there exists
a split surjective algebra morphism Γ→ Λ whose kernel E is contained in the radical of Γ [4, 7].
In particular, all relation extensions [2, 14] and one-point extensions are split ones. There are
two functors −⊗ΛΓ : modΛ→ modΓ and −⊗ΓΛ : modΓ→ modΛ. Assem and Marmaridis [4]
investigated the relationship between (partial) tilting Γ-modules and (partial) tilting Λ-modules
by using these two functors. Analogously, we will investigate the relationship between support
τ -tilting Γ-modules and support τ -tilting Λ-modules. This paper is organized as follows.
In Section 2, we give some terminology and some preliminary results.
In Section 3, we first prove the following
Theorem 1.1. (Theorem 3.1) Let Γ be a split extension of Λ by a nilpotent bimodule ΛEΛ. If
(T, P ) is a pair in modΛ with P projective, then the following statements are equivalent.
(1) (T ⊗Λ ΓΓ, P ⊗Λ ΓΓ) is a support τ -tilting pair in modΓ.
(2) (T, P ) is a support τ -tilting pair in modΛ and
HomΛ(T ⊗Λ E, τTΛ) = 0 = HomΛ(P, T ⊗Λ E).
As a consequence, we get that if Γ is a cluster-tilted algebra corresponding to a tilted
algebra Λ and (T, P ) is a pair in modΛ with P projective, then (T ⊗Λ ΓΓ, P ⊗Λ ΓΓ) is a
support τ -tilting pair in modΓ if and only if (T, P ) is a support τ -tilting pair in modΛ and
HomΛ(τ
−1Ω−1TΛ, τTΛ) = 0 = HomΛ(P, τ
−1Ω−1TΛ) (Proposition 3.4).
Moreover, we have the following
Theorem 1.2. (Theorem 3.10) Let Γ be a split extension of Λ by a nilpotent bimodule ΛEΛ.
Let T1, T2 ∈ modΛ such that T1 ⊗Λ Γ and T2 ⊗Λ Γ are support τ -tilting Γ-modules. Then the
following statements are equivalent.
(1) T1 ⊗Λ Γ is a left mutation of T2 ⊗Λ Γ.
(2) T1 is a left mutation of T2.
The Hasse (exchange) quiver Q(sτ -tilt Λ) of Λ consists of the set of vertices which are support
τ -tilting Λ-modules T and those arrows from T to its left mutation. So Theorem 1.2 shows that
if T1, T2 ∈ modΛ such that T1 ⊗Λ Γ and T2 ⊗Λ Γ are support τ -tilting Γ-modules, then there
exists an arrow from T1⊗Λ Γ to T2⊗Λ Γ in Q(sτ -tilt Γ) if and only if there exists an arrow from
T1 to T2 in Q(sτ -tilt Λ).
In Section 4, we give two examples to illustrate our results.
2
2 Preliminaries
Let Λ be an algebra. For a module M ∈ modΛ, |M | is the number of pairwise non-isomorphic
direct summands ofM , addM is the full subcategory of modΛ consisting of modules isomorphic
to direct summands of finite direct sums of copies of M , and FacM is the full subcategory of
modΛ consisting of modules isomorphic to factor modules of finite direct sums of copies of
M . The injective dimension and the first cosyzygy of M are denoted by idΛM and Ω
−1M
respectively.
2.1 τ-tilting theory
Definition 2.1. ([1, Definition 0.1]) A module M ∈ modΛ is called
(1) τ -rigid if HomΛ(M, τM) = 0;
(2) τ -tilting (respectively, almost complete τ -tilting) if it is τ -rigid and |M | = |Λ| (respectively,
|M | = |Λ| − 1);
(3) support τ -tilting if it is a τ -tilting Λ/ < e >-module for some idempotent e of Λ.
The next result shows a τ -rigid module may be extended to a τ -tilting module.
Theorem 2.2. ([1, Theorem 2.10]) Any basic τ -rigid Λ-module is a direct summand of a τ -tilting
Λ-module.
Lemma 2.3. ([1, Proposition 2.4]) Let X ∈ modΛ and
P1
f0
−→ P0−→X−→0
be a projective presentation of X in modΛ. For any Y ∈ modΛ, if HomΛ(f0, Y ) is epic, then
HomΛ(Y, τX) = 0. Moreover, the converse holds if the projective presentation is minimal.
Sometimes, it is convenient to view support τ -tilting modules and τ -rigid modules as certain
pairs of modules in modΛ.
Definition 2.4. ([1, Definition 0.3]) Let (M,P ) be a pair in modΛ with P projective.
(1) The pair (M,P ) is called a τ -rigid pair if M is τ -rigid and HomΛ(P,M) = 0.
(2) The pair (M,P ) is called a support τ -tilting pair (respectively, almost complete τ -tilting
pair) if it is τ -rigid and |M |+ |P | = |Λ| (respectively, |M |+ |P | = |Λ| − 1).
Note that (M,P ) is a support τ -tilting pair if and only if M is a τ -tilting Λ/ < e >-module,
where eΛ ∼= P . Hence, M is a τ -tilting Λ-module if and only if (M, 0) is a support τ -tilting pair.
Let (U,Q) be an almost complete τ -tilting pair andX ∈ modΛ indecomposable. We say that
(X, 0) (respectively, (0,X)) is a complement of (U,Q) if (U ⊕X,Q) (respectively, (U,Q ⊕X))
is support τ -tilting. It follows from [1, Theorem 2.18] that any basic almost complete τ -tilting
pair in modΛ has exactly two complements. Two support τ -tilting pairs (T, P ) and (T˜ , P˜ ) in
modΛ are called mutations of each other if they have the same direct summand (U,Q) which is
an almost complete τ -tilting pair. In this case, we write (T˜ , P˜ ) = µX(T, P ) (simply T˜ =µXT )
if the indecomposable module X satisfies either T = U ⊕X or P = Q⊕X.
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Definition 2.5. ([1, Definition 2.28]) Let T = U ⊕X and T˜ be two support τ -tilting Λ-modules
such that T˜ = µXT with X indecomposable. Then T˜ is called a left mutation (respectively,
right mutation) of T , denoted by T˜ = µ−XT (respectively, T˜ = µ
+
XT ), if X /∈ FacU (respectively,
X ∈ FacU).
Definition 2.6. ([1, Definition 2.29]) The support τ -tilting quiver Q(sτ -tilt Λ) of Λ is defined
as follows.
(1) The set of vertices consists of the isomorphisms classes of basic support τ -tilting Λ-modules.
(2) We draw an arrow from T to its left mutation.
2.2 Split-by-nilpotent extensions
Let Λ and Γ be two algebras.
Definition 2.7. ([7, Definition 1.1]) We say that Γ is a split extension of Λ by the nilpotent
bimodule ΛEΛ, or simply a split-by-nilpotent extension if there exists a split surjective algebra
morphism Γ→ Λ whose kernel E is contained in the radical of Γ.
Let Γ be a split-by-nilpotent extension of Λ by the nilpotent bimodule ΛEΛ. Clearly, the
short exact sequence of Λ-Λ-bimodules
0−→ΛEΛ−→ΛΓΛ−→Λ−→0
splits. Therefore, there exists an isomorphism ΛΓΛ ∼= Λ ⊕Λ EΛ. The module categories over Λ
and Γ are related by the following functors
−⊗Λ Γ : modΛ→ modΓ, −⊗Γ Λ : modΓ→ modΛ,
HomΛ(ΓΛ,−) : modΛ→ modΓ, HomΓ(ΛΓ,−) : modΓ→ modΛ.
Moreover, we have
−⊗Λ ΓΓ ⊗Γ Λ ∼= 1modΛ,
HomΓ(ΛΓ,HomΛ(ΓΛ,−)) ∼= 1modΛ.
Lemma 2.8. Let Γ be a split-by-nilpotent extension of Λ. Then for any M ∈ modΛ, we have
(1) There exists a bijective correspondence between the isomorphism classes of indecomposable
summands of M in modΛ and the isomorphism classes of indecomposable summands of
MΛ ⊗Λ Γ in modΓ, given by NΛ → NΛ ⊗Λ Γ.
(2) |MΛ| = |MΛ ⊗Λ Γ|.
(3) Any indecomposable projective module in modΓ is the form P ⊗Λ Γ, where P is indecom-
posable projective in modΛ. In particular, |Λ| = |Γ|.
Proof. The assertion (1) is [4, Lemma 1.2]. The latter two assertions follow immediately from
(1).
Lemma 2.9. ([4, Lemma 2.1]) Let Γ be a split-by-nilpotent extension of Λ. Then for any
M ∈ modΛ, there exists the following isomorphism
τ(M ⊗Λ Γ) ∼= HomΛ(ΓΓΛ, τMΛ).
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3 Main results
In this section, assume that Γ is a split extension of Λ by the nilpotent bimodule ΛEΛ.
3.1 τ-tilting and τ-rigid modules
The following result is a τ -version of [4, Theorem A].
Theorem 3.1. Let (T, P ) be a pair in modΛ with P projective. Then the following statements
are equivalent.
(1) (T ⊗Λ ΓΓ, P ⊗Λ ΓΓ) is a support τ -tilting pair in modΓ.
(2) (T, P ) is a support τ -tilting pair in modΛ and
HomΛ(T ⊗Λ E, τTΛ) = 0 = HomΛ(P, T ⊗Λ E).
Proof. By Lemma 2.8(2), we have |T |+ |P | = |T ⊗Λ Γ|+ |P ⊗Λ Γ|. Hence, |T |+ |P | = |Λ| if and
only if |T ⊗Λ Γ|+ |P ⊗Λ Γ| = |Γ| Lemma 2.8(3).
Let T, P ∈ modΛ. Then there are the following two isomorphisms
HomΓ(T ⊗Λ Γ, τ(T ⊗Λ Γ)) ∼= HomΓ(T ⊗Λ Γ,HomΛ(ΓΓΛ, τTΛ)) (by Lemma 2.9)
∼= HomΛ(T ⊗Λ Γ⊗Γ ΓΛ, τTΛ) (by the adjunction isomorphism)
∼= HomΛ(T ⊗Λ ΓΛ, τTΛ)
∼= HomΛ(T ⊗Λ (Λ⊕ E)Λ, τTΛ)
∼= HomΛ(T, τTΛ)⊕HomΛ(T ⊗Λ E, τTΛ),
and
HomΓ(P ⊗Λ Γ, T ⊗Λ Γ) ∼= HomΛ(PΛ,HomΓ(ΛΓΓ, T ⊗Λ Γ)) (by the adjunction isomorphism)
∼= HomΛ(PΛ, T ⊗Λ ΓΛ)
∼= HomΛ(PΛ, T ⊗Λ (Λ⊕E)Λ)
∼= HomΛ(PΛ, TΛ)⊕HomΛ(PΛ, T ⊗Λ E).
Note that T is a τ -tilting Λ-module if and only if (T, 0) is a support τ -tilting pair in modΛ.
The following corollary is an immediate consequence of Theorem 3.1.
Corollary 3.2. For a module T ∈ modΛ, the following statements are equivalent.
(1) T ⊗Λ ΓΓ is τ -tilting in modΓ.
(2) T is τ -tilting in modΛ and HomΛ(T ⊗Λ E, τTΛ) = 0.
Let T ∈ modΛ be τ -rigid. Assume that EΛ is generated by T , that is, there exists an
epimorphism
T (n)−→EΛ−→0
in modΛ for some n ≥ 1. Applying the functor HomΛ(−, τTΛ) to it yields a monomorphism
0−→HomΛ(EΛ, τTΛ)−→HomΛ(T
(n), τTΛ) = 0.
So HomΛ(EΛ, τTΛ) = 0, and hence
HomΛ(T ⊗Λ E, τTΛ) ∼= HomΛ(TΛ,HomΛ(ΛEΛ, τTΛ)) = 0.
Thus by Theorem 3.1 and Corollary 3.2, we have the following result.
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Corollary 3.3. Let (T, P ) be a pair in modΛ with P projective. If EΛ is generated by T , then
the following statements are equivalent.
(1) (T ⊗Λ ΓR, P ⊗Λ ΓΓ) is a support τ -tilting pair in modΓ.
(2) (T, P ) is a support τ -tilting pair in modΛ and HomΛ(P, T ⊗Λ E) = 0.
Moreover, T ⊗Λ ΓΓ is τ -tilting in modΓ if and only if T is τ -tilting in modΛ.
Let A be a hereditary algebra and Db(modA) the bounded derived category of modA.
The cluster category CA is defined by the orbit category of D
b(modA) under the action of the
functor τ−1[1], where [1] is the shift functor; and a tilting object T˜ in CA is an object such that
Ext1CA(T˜ , T˜ ) = 0 and |T˜ | = |A| ([8]). The endomorphism algebra of T˜ is called cluster-tilted
([9]). It was shown in [2, Theorem 3.4] that, if Λ is a tilted algebra, then the relation extension
of Λ by Ext2Λ(DΛ,Λ) is cluster-tilted. Moreover, all cluster-tilted algebras are of this form. In
this case, we say Γ is a cluster-tilted algebra corresponding to the tilted algebra Λ.
Proposition 3.4. Let Γ be a cluster-tilted algebra corresponding to the tilted algebra Λ and
(T, P ) a pair in modΛ with P projective. Then the following statements are equivalent.
(1) (T ⊗Λ ΓΓ, P ⊗Λ ΓΓ) is a support τ -tilting pair in modΓ.
(2) (T, P ) is a support τ -tilting pair in modΛ and
HomΛ(τ
−1Ω−1TΛ, τTΛ) = 0 = HomΛ(P, τ
−1Ω−1TΛ).
Proof. Since the global dimension of the tilted algebra Λ is at most 2, we have
T ⊗Λ Ext
2
Λ(DΛ,Λ)
∼= τ−1Ω−1T
by [13, Proposition 4.1]. Now the assertion follows from Theorem 3.1.
If idΛ T ≤ 1, then τ
−1Ω−1T = 0. So by Proposition 3.4, we have the following corollary.
Corollary 3.5. Let Γ be a cluster-tilted algebra corresponding to the tilted algebra Λ and (T, P )
a pair in modΛ with idΛ T ≤ 1 and P projective. Then the following statements are equivalent.
(1) (T ⊗Λ ΓΓ, P ⊗Λ ΓΓ) is a support τ -tilting pair in modΓ.
(2) (T, P ) is a support τ -tilting pair in modΛ.
In particular, T ⊗Λ ΓΓ is a τ -tilting Γ-module if and only if T is a τ -tilting Λ-module.
Let C be a full subcategory of modΛ. We write
C⊥ := {M ∈ modΛ | HomΛ(C,M) = 0 for any C ∈ C},
⊥C := {M ∈ modΛ | HomΛ(M,C) = 0 for any C ∈ C}.
Recall that a pair (T ,F) of full subcategories of modΛ is called a torsion pair if T ⊥ = F
and ⊥F = T . Given a τ -tilting Λ-module T , it will induce a torsion pair (T (T ),F(T )) :=
(⊥(τT ), T⊥) ([1]).
Proposition 3.6. Let XΓ ∈ modΓ, and let T ∈ modΛ be τ -tilting such that HomΛ(T ⊗Λ
E, τTΛ) = 0. Then we have
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(1) XΓ ∈T (T ⊗Λ Γ) if and only if X ⊗Γ ΓΛ ∈ T (T ).
(2) XΓ ∈ F(T ⊗Λ Γ) if and only if HomΓ(ΛΓΓ,XΓ) ∈ F(T ).
Proof. Since HomΛ(T ⊗ΛE, τTΛ) = 0, we have that T ⊗Λ Γ is a τ -tilting Γ-module by Corollary
3.2 and it will induce a torsion pair. Note that there exist two isomorphisms
HomΓ(XΓ, τ(T ⊗Λ Γ)) ∼= HomΓ(XΓ,HomΛ(ΓΓΛ, τTΛ)) ∼= HomΛ(X ⊗Γ ΓΛ, τTΛ),
HomΓ(T ⊗Λ Γ,XΓ) ∼= HomΛ(TΛ,HomΓ(ΛΓΓ,XΓ)).
The result is obvious.
For a Γ-module UΓ, U ⊗Γ Λ is a Λ-module. If UΓ is τ -tilting and U ⊗Γ Λ⊗Λ Γ ∼= UΓ, then
U ⊗Γ Λ is a τ -tilting Λ-module by Theorem 3.1. As a slight generalization of this observation,
the following result gives a converse construction of Corollary 3.2.
Proposition 3.7. Assume that UΓ is a Γ-module such that U ⊗Γ Λ⊗Λ Γ ∈ addUΓ.
(1) If UΓ is τ -rigid, then U ⊗Γ Λ is a τ -rigid Λ-module.
(2) If UΓ is τ -tilting and U ⊗Γ Λ is basic, then U ⊗Γ Λ is a τ -tilting Λ-module.
Proof. (1) Let UΓ be τ -rigid and
P1 ⊗Λ Γ
f0
−→ P0 ⊗Λ Γ−→UΓ−→0
a minimal projective presentation of U in modΓ with P0, P1 projective Λ-modules. Applying
the functor −⊗Γ Λ to it, we obtain a projective presentation
P1
f0⊗1Λ−→ P0−→UΓ ⊗Γ Λ−→0
of U ⊗Γ Λ in modΛ. To prove that U ⊗Γ Λ is a τ -rigid Λ-module, it suffices to show HomΛ(f0⊗
1Λ, U ⊗Γ Λ) is epic by Lemma 2.3.
Let g ∈ HomΛ(P1, U ⊗ΓΛ). Then g⊗1Γ ∈ HomΓ(P1⊗Λ Γ, U ⊗ΓΛ⊗Λ Γ). By assumption, we
have U ⊗Γ Λ⊗Λ Γ ∈ addUΓ. Without loss of generality, assume that U ⊗Γ Λ⊗Λ Γ is basic, and
hence it is a direct summand of UΓ. Then there exist a canonical embedding λ : U⊗ΓΛ⊗ΛΓ→ UΓ
and a canonical epimorphism pi : UΓ → U ⊗Γ Λ ⊗Λ Γ such that piλ = 1U⊗ΓΛ⊗ΛΓ. Consider the
following diagram
P1 ⊗Λ Γ
f0 //
g⊗1Γ

P0 ⊗Λ Γ //
pii
ww
i

UΓ // 0
U ⊗Γ Λ⊗Λ Γ
λ

UΓ.
pi
OO
Since HomΓ(f0, UΓ) is epic by Lemma 2.3, there exists i ∈ HomΓ(P0 ⊗Λ Γ, UΓ) such that λ(g ⊗
1Γ) = if0. Then we have
g ⊗ 1Γ = 1U⊗ΓΛ⊗ΛΓ(g ⊗ 1Γ) = piλ(g ⊗ 1Γ) = (pii)f0,
and
g ∼= g ⊗ 1Γ ⊗ 1Λ ∼= ((pii)f0)⊗ 1Λ ∼= ((pii)⊗ 1Λ)(f0 ⊗ 1Λ).
Therefore HomΛ(f0 ⊗ 1Λ, U ⊗Γ Λ) is epic.
(2) If UΓ is τ -tilting, then |U ⊗Γ Λ| ≥ |UΓ| = |Γ| = |Λ| by Lemma 2.8(3). Thus U ⊗Γ Λ is a
τ -tilting Λ-module when it is basic by (1) and Theorem 2.2.
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However, U⊗ΓΛ may not be basic even if UΓ is basic. LetM(U⊗ΓΛ) stand for the maximal
basic direct summand of U ⊗ΓΛ, that is, the direct sum of all indecomposable direct summands
of U ⊗Γ Λ which are pairwise non-isomorphic.
Example 3.8. Let Λ be the algebra given by the quiver
1 −→ 2
and Γ the algebra given by the quiver
1
α
((
2
β
hh
with the relation αβ = 0. Then Γ is the split extension of Λ by the nilpotent E generated by β
and UΓ = S2 ⊕ e2Γ is a τ -tilting Γ-module, where S2 is the simple Γ-module corresponding to
the vertex 2. Applying the functor −⊗Γ Λ to the projective presentation
0−→e1Γ−→(e2Γ)
2−→UΓ−→0
of UΓ, we get an exact sequence
e1Λ
0
−→ (e2Λ)
2−→U ⊗Γ Λ−→0
in modΛ. So U ⊗Γ Λ ∼= (e2Λ)
2 and it is not basic. Note that U ⊗Γ Λ ⊗Λ Γ ∈ addUΓ because
U ⊗Γ Λ⊗Λ Γ ∼= (e2Γ)
2. Moreover, M(U ⊗Γ Λ) ∼= e2Λ is a support τ -tilting Λ-module.
We do not know whether the answer to the following question is positive or not.
Question 3.9. Under the condition of Proposition 3.7, if UΓ is τ -tilting, is then M(U ⊗Γ Λ) a
support τ -tilting Λ-module?
3.2 Left mutations
Let T be a support τ -tilting Λ-module such that T ⊗Λ Γ is a support τ -tilting Γ-module. By
Lemma 2.8(1), all indecomposable summands of TΛ ⊗Λ Γ are of the forms X ⊗Λ Γ for some
indecomposable summand X of T . In the following, we investigate the relationship between
Q(sτ -tilt Λ) and Q(sτ -tilt Γ).
Theorem 3.10. Let T1, T2 ∈ modΛ such that T1 ⊗Λ Γ and T2 ⊗Λ Γ are support τ -tilting Γ-
modules. Then the following statements are equivalent.
(1) T1 ⊗Λ Γ is a left mutation of T2 ⊗Λ Γ.
(2) T1 is a left mutation of T2.
Proof. (1)⇒ (2) Since T1 ⊗Λ Γ and T2 ⊗Λ Γ are support τ -tilting Γ-modules by assumption, T1
and T2 are support τ -tilting Λ-modules by Theorem 3.1.
Let T1 ⊗Λ Γ = µ
−
X⊗ΛΓ
(T2 ⊗Λ Γ) for some indecomposable Λ-module X. Assume that (T1 ⊗Λ
Γ, P1 ⊗Λ Γ) and (T2⊗Λ Γ, P2⊗Λ Γ) are support τ -tilting pairs having the same almost complete
support τ -tilting pair (U ⊗Λ Γ, Q ⊗Λ Γ), where U and Q are Λ-modules. Then by Lemma
2.8(1), (T1, P1) and (T2, P2) have the same almost complete support τ -tilting pair (U,Q) and
are mutations of each other.
Because T2⊗ΛΓ = (X⊗ΛΓ)⊕(U⊗ΛΓ). we have T2 ∼= X⊕U . It suffices to show X /∈ FacU .
Otherwise, there exists an epimorphism U (n)→X→0 in modΛ for some n ≥ 1, which yields an
epimorphism U (n)⊗ΛΓ(∼= (U ⊗ΛΓ)
(n))→X⊗ΛΓ→0 in modΓ. It implies X⊗ΛΓ ∈ Fac(U⊗ΛΓ),
a contradiction.
Similarly, we get (2)⇒ (1).
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As an immediate consequence of Theorem 3.10 and its proof, we get the following
Corollary 3.11. Let T1, T2 ∈ modΛ such that T1 ⊗Λ Γ and T2 ⊗Λ Γ are support τ -tilting Γ-
modules, and let X be the indecomposable Λ-module as in the proof of Theorem 3.10. Then the
following statements are equivalent.
(1) T1 ⊗Λ Γ = µ
−
X⊗ΛΓ
(T2 ⊗Λ Γ).
(2) T1 = µ
−
XT2.
Let Q = (Q0, Q1) be a quiver. A subquiver Q̂ = (Q̂0, Q̂1) of Q is called full if Q̂1 equals
the set of all those arrows in Q1 whose source and target both belong to Q̂0 [5, Chapter II].
We use fQ(sτ -tilt Γ) to denote the full subquiver of Q(sτ -tilt Γ) whose vertices are T ⊗Λ Γ
where T ∈ Q(sτ -tilt Λ), and use fQ(sτ -tilt Λ) to denote the full subquiver of Q(sτ -tilt Λ) whose
vertices are those support τ -tilting Λ-modules T such that T ⊗Λ Γ is a support τ -tilting Γ-
module. Corollary 3.11 shows that the underlying graph of fQ(sτ -tilt Λ) and fQ(sτ -tilt Γ)
coincide. More precisely, if T1, T2 ∈ modΛ such that T1 ⊗Λ Γ and T2 ⊗Λ Γ are support τ -tilting
Γ-modules, then there exists an arrow from T1 ⊗A Γ to T2 ⊗Λ Γ in Q(sτ -tilt Γ) if and only if
there exists an arrow from T1 to T2 in Q(sτ -tilt Λ).
3.3 A special case
We now turn attention to one-point extensions. Let Λ be an algebra and M ∈ modΛ. The
one-point extension of Λ by M is defined as the following matrix algebra
Γ =
(
Λ 0
MΛ k
)
with the ordinary matrix addition and the multiplication, and we write Γ := Λ[M ] with a the
extension point. Let ∆ := Λ × k, and let E be the (∆,∆)-bimodule generated by the arrows
from a to the quiver of Λ. It is easy to see that Γ is a split extension of ∆ by the nilpotent
bimodule ∆E∆, and E∆ ∼=M∆ while D(∆E) ∼= S
t where S is the simple module corresponding
to the point a and t = |M | ([6]).
In the rest of this subsection, Γ is a one-point extension of Λ by a module M in modΛ, and
ea is the idempotent corresponding to the extension point a and ∆ := Λ× k.
Remark 3.12.
(1) The algebra Γ is a ∆-∆-bimodule and a Λ-Λ-bimodule.
(2) The algebra ∆ is a Λ-Λ-bimodule.
(3) For any Λ-module X, it can be seen as a ∆-module or a Γ-module. In fact,
XΓ ∼= X∆ ⊗∆ Γ ∼= XΛ ⊗Λ Γ.
(4) For any ∆-module N , we have N∆ ∼= Y∆ ⊕ S
t for some t ≥ 0, where Y is a Λ-module.
We need the following two easy observations.
Lemma 3.13. For any X ∈ modΛ, we have X ⊗∆ E = 0.
9
Proof. Considering the projective presentation
e2Λ−→e1Λ−→X−→0
of X in modΛ with e1, e2 idempotents of Λ, we get the projective presentation
e2∆−→e1∆−→X−→0
of X in mod∆. Applying the functor −⊗∆ E yields the following exact sequence
e2E−→e1E−→X ⊗∆ E−→0.
Since E is generated by the arrows from a to the quiver of Λ, we have e1E = 0 = e2E = 0.
Hence X ⊗∆ E = 0.
Lemma 3.14. S ⊗∆ E ∼=M∆.
Proof. It follows Lemma 3.13 and the following isomorphism
M∆ ∼= E∆ ∼= ∆⊗∆ E ∼= (S ⊕ Λ)⊗∆ E ∼= (S ⊗∆ E)⊕ (Λ⊗∆ E).
Note that basic support τ -tilting modules in modΛ are exactly those forms T and T ⊕ S
where T is a support τ -tilting Λ-module. Hence support τ -tilting pairs in mod∆ are exactly
those forms (T, P ⊕ S) and (T ⊕ S,P ) where P is a projective Λ-module such that (T, P ) is a
support τ -tilting pair in modΛ. As a consequence of Theorem 3.1, we also have the following
Proposition 3.15. Let Γ be a one-point extension of Λ by a module M in modΛ, and let ea be
the idempotent corresponding to the extension point a. Then for a pair (T, P ) in modΛ with P
projective, we have
(1) (TΓ, PΓ ⊕ eaΓ) is a support τ -tilting pair in modΓ if and only if (TΛ, PΛ) is a support
τ -tilting pair in modΛ.
(2) (TΓ ⊕ eaΓ, PΓ) is a support τ -tilting pair in modΓ if and only if (TΛ, PΛ) is a support
τ -tilting pair in modΛ and HomΛ(MΛ, τTΛ) = 0 = HomΛ(PΛ,MΛ).
Proof. It follows Theorem 3.1 and Lemmas 3.13 and 3.14.
Putting P = 0 in Proposition 3.15, we get the following
Corollary 3.16.
(1) TΓ is τ -tilting if and only if TΛ is τ -tilting.
(2) TΓ⊕eaΓ is τ -tilting in modΓ if and only if T is τ -tilting in modΛ and HomΛ(MΛ, τTΛ) =
0.
If Γ is a one-point extension of Λ by a non-zero moduleMΛ, then there exists an idempotent
e ∈ Λ such that HomΛ(eΛ,MΛ) 6= 0. Note that there are τ -tilting Λ/ < e >-modules. So, by
Proposition 3.15(2), we have the following
Corollary 3.17. Let Γ be a one-point extension of Λ by a non-zero module MΛ. Then there
exists a support τ -tilting Λ-module such that TΓ ⊕ eaΓ is not support τ -tilting.
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4 Examples
In this section, we give two examples to illustrate the results obtained in Section 3. All inde-
composable modules are denoted by their Loewy series.
Example 4.1. Let Σ be a finite dimensional k-algebra given by the quiver
1−→2−→3.
Then T = 1
1
2
3
3 is a tilting Σ-module. The endomorphism algebra Λ of T is a tilted algebra
given by the quiver
1
α
−→ 2
β
−→ 3
with the relation αβ = 0. The cluster-titlted algebra Γ corresponding to Λ is given by the
following quiver
2
β
❃
❃❃
❃❃
❃❃
❃
1
α
@@        
3
γ
oo
with relations αβ = 0, βγ = 0 and γα = 0, and Γ is a split-by-nilpotent extension of Λ.
Note that 3 is the unique indecomposable module in modΛ with injective dimension two.
So for any indecomposable module W not isomorphic to 3 , we have τ−1Ω−1W = 0. Because
0 // 3 // 23
// 1
2
// 1 // 0
is a minimal injective resolution of 3, we have τ−1Ω−1 3 = τ−1 2 = 1 .
Let (Ti, Pi) be a support τ -tilting pair in modΛ and T˜i := Ti ⊗Λ Γ for each i. We list T˜i,
τ−1Ω−1Ti and HomΛ(Pi, τ
−1Ω−1Ti) in the following table.
Ti Pi T˜i = Ti ⊗ Γ τ
−1Ω−1Ti HomΛ(Pi, τ
−1Ω−1Ti)
T1 = 12
2
3 3 0 T˜1 =
1
2
2
3
3
1 1 0
T2 = 12
2
3 2 0 T˜2 =
1
2
2
3 2 0 0
T3 = 12 1 3 0 T˜3 =
1
2 1
3
1 1 0
T4 = 23 3
1
2 T˜4 =
2
3
3
1 1 6=0
T5 = 12 2 3 T˜5 =
1
2 2 0 0
T6 = 1 3 23 T˜6 = 1
3
1 1 0
T7 = 12 1 3 T˜7 =
1
2 1 0 0
T8 = 23 2
1
2 T˜8 =
2
3 2 0 0
T9 = 1 23 3 T˜9 = 1 0 0
T10 = 2 12 3 T˜10 = 2 0 0
T11 = 3 12
2
3 T˜11 =
3
1 1 6=0
T12 = 0 12
2
3 3 T˜12 = 0 0 0
A simple calculation yields
HomΛ(τ
−1Ω−1T1, τT1) = 0,
HomΛ(τ
−1Ω−1T3, τT3) ∼= HomΛ(τ
−1Ω−1T3, τ 1 ) ∼= HomΛ( 1 , 2 ) = 0,
HomΛ(τ
−1Ω−1T6, τT6) ∼= HomΛ(τ
−1Ω−1T6, τ 1 ) ∼= HomΛ( 1 , 2 ) = 0.
11
Thus all T˜1, T˜2, T˜3, T˜5, T˜6, T˜7, T˜8, T˜9, T˜10 and T˜12 are support τ -tilting, and neither T˜4 nor T˜11
is support τ -tilting by Proposition 3.4. We draw the Hasse quivers Q(sτ -tilt Λ) and Q(sτ -tilt Γ)
as follows, where M(Ti) stands for (Ti =M).
Q(sτ - tilt Λ): 12
2
3 2 (T2)
///o/o/o
***j*j
*j*j
*j*j
*j*j
*j*j
*j*j
1
2 2 (T5)
///o/o/o
)))i)i
)i)i
)i)i
)i)i
)i)i
)i)i
1
2 1 (T7)
///o/o/o 1 (T9)
###c
#c
#c
#c
#c
#c
1
2
2
3 3 (T1)
///o/o/o/o
88
8x
8x
8x
8x
8x
8x
&&▼▼
▼▼
▼▼
▼▼
▼▼
1
2 1 3 (T3)
///o/o/o
444t4t4t4t4t4t4t4t4t4t4t4t
1 3 (T6)
555u5u5u5u5u5u5u5u5u5u5u5u5u
))❚❚❚
❚❚❚
❚❚❚
❚❚❚
❚❚❚
❚❚❚
❚
2
3 2 (T8)
///o/o/o 2 (T10)
///o/o/o 0 (T12)
2
3 3 (T4)
//
44❥❥❥❥❥❥❥❥❥❥❥❥❥❥❥❥❥❥❥❥
3 (T11),
;;✈✈✈✈✈✈✈✈✈✈
Q(sτ - tilt Γ): 12
2
3 2 (T˜2)
///o/o/o
)))i)i
)i)i
)i)i
)i)i
)i)i
)i)i
1
2 2 (T˜5)
///o/o/o
)))i)i
)i)i
)i)i
)i)i
)i)i
)i)i
1
2 1 (T˜7)
///o/o/o 1
(T˜9)
###c
#c
#c
#c
#c
#c
1
2
2
3
3
1 (T˜1)
///o/o/o/o
99
9y
9y
9y
9y
9y
9y
&&▼▼
▼▼
▼▼
▼▼
▼▼
1
2 1
3
1 (T˜3)
///o/o/o
555u5u5u5u5u5u5u5u5u5u5u5u
1 31 (T˜6)
555u5u5u5u5u5u5u5u5u5u5u5u
$$■
■■
■■
■■
■■
2
3 2 (T˜8)
///o/o/o 2
(T˜10)
///o/o/o 0
(T˜12)
3 23
3
1
//
%%❑
❑❑
❑❑
❑❑
❑❑
❑
3
1 3
$$■
■■
■■
■■
■■
■
2
3 3
//
CC
✟✟✟
✟✟
✟✟✟
✟✟✟
✟✟
✟✟✟
3.
DD
✠✠✠✠✠✠✠✠✠✠✠✠✠✠✠✠✠
We draw those arrows in fQ(sτ -tilt Γ) and fQ(sτ -tilt Λ) by ///o/o/o . Their underlying graphs
and corresponding arrows are identical.
Example 4.2. Let Λ be a finite dimensional k-algebra given by the quiver
2−→3.
Considering the one-point extension of Λ by the simple module corresponding to the point 2,
the algebra Γ = Λ[2] is given by the quiver
1
α
−→ 2
β
−→ 3
with the relation αβ = 0. Let ∆ = Λ× k. The following is the Hasse quiver of Λ.
2
3 3
//
""❊
❊❊
❊❊
❊❊
❊
( 3 , 23 )
// ( 0 , 23 3 )
2
3 2
// ( 2 , 3 ).
99tttttttttt
By Proposition 3.15(1), all 23 3 , 3 , 0 ,
2
3 2 and 2 are support τ -tilting Γ-modules. From support
τ -tilting Λ-modules 3 and 0 , it is easy to get two support τ -tilting ∆-pairs ( 3 1 , 23 ) and ( 1 ,
2
3 3 ).
Since HomΛ( 23 , 2 ) 6= 0, it follows from Proposition 3.15(2) that neither 3
1
2 nor
1
2 is a support
τ -tilting Γ-module. A simple calculation yields that all 23 3
1
2 ,
2
3 2
1
2 and 2
1
2 are support τ -tilting
Γ-modules also by Proposition 3.15(2).
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Now we draw Q(sτ -tilt ∆) and Q(sτ -tilt Γ) as follows.
Q(sτ−tilt∆): 1 23 2
///o/o/o
(((h
(h(h
(h(h
(h(h
(h(h
(h
1 2 //
'''g
'g
'g
'g
'g
'g
'g
'g
'g
'g
1
❂
❂❂
❂❂
❂❂
❂❂
1 23 3
//
99
9y
9y
9y
9y
9y
9y
%%%e
%e
%e
%e
%e
%e
1 3
77♥♥♥♥♥♥♥♥♥♥♥♥♥♥♥♥
''PP
PP
PP
PP
PP
PP
PP
PP
2
3 2
///o/o/o 2 ///o/o/o 0
2
3 3
///o/o/o/o/o/o/o/o/o/o/o/o/o/o/o/o
666v6v
6v6v6v6v
6v6v6v6v6v
3,
@@
@ 
@ 
@ 
@ 
@ 
Q(sτ−tilt Γ): 12
2
3 2
///o/o/o
(((h
(h
(h(h
(h(h
(h(h
(h
(h
1
2 2
//
'''g
'g
'g
'g
'g
'g
'g
'g
'g
'g
1
2 1
// 1
❂
❂❂
❂❂
❂❂
❂❂
1
2
2
3 3
//
999y
9y
9y
9y
9y
9y
%%%e
%e
%e
%e
%e
%e
1
2 1 3
//
66♠♠♠♠♠♠♠♠♠♠♠♠♠♠♠♠
1 3
77♥♥♥♥♥♥♥♥♥♥♥♥♥♥♥♥
''PP
PP
PP
PP
PP
PP
PP
PP
2
3 2
///o/o/o 2 ///o/o/o 0
2
3 3
///o/o/o/o/o/o/o/o/o/o/o/o/o/o/o/o
666v6v
6v6v6v6v6v
6v6v6v6v
3.
@@
@ 
@ 
@ 
@ 
@ 
We also draw those arrows in fQ(sτ -tilt∆) and fQ(sτ -tilt Γ) by ///o/o/o . Their underlying
graphs and corresponding arrows are identical.
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